Abstract-The electromagnetic behavior of circular spiral inductors on layered substrates is analyzed by using the concentric ring approximation. The problem is formulated in terms of mixedpotential volume integral equations. The latter are semianalytically solved within the quasi-one-dimensional approximation. The result is a fast computationally efficient model, which takes into account substrate RF loss, as well as nonuniform current density distribution across inductor windings. The results are in good agreement with experimental data from various inductors on both low-and high-resistivity silicon substrates.
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I. INTRODUCTION
T HE DEMAND for full integration of RF transceiver systems has been the driving force behind the recent surge of interest in on-chip inductors and-to a lesser extent-transformers. Emphasis lies on integration in silicon (Si) technology, which offers the most in terms of reliability, low cost, and a high level of integration. The major drawback of Si-based devices is, however, their proneness to significant RF losses caused by the current flow in the conductive substrate.
Although the inductance of lumped elements can be predicted with reasonable accuracy [1] - [6] , the analysis of substrate RF losses is not straightforward. The common strategy is, therefore, based on empirical or semiempirical lumped-element representations [7] - [11] , where substrate effects are modeled by using lumped capacitors and resistors, determined through comparison with experimental data. Despite its inherent simplicity, this method lacks the predictive power required for component design and optimization.
An alternative approach is to use comprehensive computational techniques [12] - [19] or semianalytical methods [20] , [21] . In [12] , inductor substrate losses were treated using a full-wave electromagnetic (EM) numerical package. The spectral-domain method of moments (MOM) was exploited in [13] to analyze spiral inductors on multilayered Si substrates. Reference [17] presented an analysis of planar [two-dimensional (2-D)] devices based on the mixed-potential integral-equation (MPIE) method, generalized to three-dimensional (3-D) conductors in [18] . Reference [19] used the MOM and the finite-difference time-domain technique to analyze the nonuniform current distribution in inductor windings. The work of [20] was based on a volume integral-equation approach, but used the Greenhouse algorithm [2] to evaluate the partial inductances. In [21] , this method was generalized to include substrate eddy currents, which are significant in highly doped low-resistivity substrates.
In spite of their power and generality, these numerical techniques usually do not offer the high computational speeds required for inductor optimization in mixed-level circuit/component design. This is because they require the division of the conductor volume (or surface) into a relatively large number of segments, and numerical evaluation of the corresponding Green's matrix elements on arbitrary substrates. Significant reduction of computation time could be achieved if the field equations were to be analytically solved in one direction (e.g., along the windings), effectively reducing the dimensionality of the problem. Such a model was previously presented by Rejaei et al. [22] by using the concentric-ring approximation of circular spiral inductors [3] . Here, a planar circular spiral inductor is replaced by a series connection of concentric rings, and the resulting rotational symmetry is exploited to semianalytically solve the field equations within the MPIE formalism. It should be mentioned that expressions for the inductance and quality factor of a single ring above a layered (magnetic) substrate were already derived in [23] , but did not account for losses due to capacitive coil-substrate coupling.
In this paper, we present the full mathematical framework of the method of [22] and extend the latter to 3-D conductors, including the effect of the nonuniform current distribution (skin effect, current crowding) in the coil windings. Employing the MPIE technique, a solution is obtained by using a discrete Fourier transform along the rings, followed by application of Galerkin's method to compute the field distribution across each ring. The result is a fast predictive model for circular spiral inductors on layered substrates. The model is derived in Section II and compared to measurement data in Section III.
II. CONCENTRIC-RING MODEL
The concentric-ring model of circular spiral inductors [3] results from replacing an -turn spiral by a series connection of circular rings (Fig. 1) . It is assumed that the width and spacing of the rings are identical to those of the spiral inductor. The overall dimension of the concentric-ring model is determined by equating the total lengths of the inductors (at the midline). 1 To fully exploit the rotational symmetry of the model, we next assume that the rings are disconnected. The set of concentric rings can then be viewed as a -port system with inputs and outputs (Fig. 2) . Once the admittance matrix (or, equivalently, the impedance matrix) of the -port system is calculated, the admittance matrix of the spiral inductor is retrieved by connecting the rings again. Note that, since the calculation of the admittance matrix of the system of rings is independent of the way the terminals are interconnected, this method can be easily generalized to investigate various structures such as transformers and stacked inductors built on several metal layers over layered substrates. In the remainder of this section, we will present the derivation of the model in detail in several steps.
A. MPIEs
The starting point of our analysis is the MPIE approach [14] - [18] . Consider a multiply connected conductor consisting of concentric rings with the volumes , , placed on a substrate consisting of infinitely extended planar layers parallel to the --plane (Fig. 3) .
Neglecting the Lorentz force, the current density at each point inside the conductor is given by the Ohm's law (1) 1 Simulations carried out by using HP ADS/Momentum (not shown here) demonstrate that the concentric ring approximation is fairly accurate even if the shape of the inductor windings significantly deviates from that of an ideal ring, e.g., when s > w. The resulting error in inductance and quality factor was found to be less than 4% for typical on-chip inductors built on lossy substrates. Furthermore, many practical structures are not spirals, but symmetric inductors where the actual windings are indeed rings. where is the conductor resistivity, is the electric field, and and are the vector scalar potentials, respectively. The latter can be expressed as (2) (3) where is the total volume of the conductor, denotes the charge density, , , and . The form of the 3 3 matrix and the scalar Green's functions depend on the gauge chosen [16] . We choose for the representation in [14] where (4) Note that, in (2) and (3), the dependence on the Green's functions on frequency is not shown explicitly.
Using (1)- (3) and the continuity equation , one arrives at the closed set of integro-differential equations (5) (6) In order to allow a complete solution, (5) and (6) should be supplemented by boundary conditions for and/or the normal component of the current density on the surface of the conductor ( is the unit vector normal to the surface). On the interfaces between external contacts and the conductor, either or should be specified, whereas should vanish everywhere else on the surface of the conductor.
In this paper, we shall restrict ourselves to substrates consisting of isotropic layers, i.e., where each layer is described by isotropic constitutive parameters. The resulting rotational symmetry of the system is then reflected in the relations
The spectral-domain representation of the Green's functions and is given in the Appendix. 
B. Quasi-One-Dimensional (1-D) Approximation
Employing cylindrical coordinates , we next adopt the quasi-1-D approximation by neglecting the components of and variations of in the radial -and vertical -directions inside the rings for (8) where is the azimuthal unit vector (Fig. 4) . Here, in fact, we have assumed that current follows the direction of the rings inside the conductor. Using (5)- (8), one then arrives at the integral equations (9) (10) where and (11) In (9) and (10), and are periodic functions of with the period . This is because in cylindrical coordinates. One can, therefore, expand and in the Fourier series
Note that and because and actually are even functions of due to reflection symmetry in the --plane.
Equations (12a)-(12d) can be used to transform (9) and (10) into a set of decoupled integral equations by applying the Fourier transformations
After multiplying (9) and (10) by , calculating the integral over from 0 to , and using (13a) and (13b), one arrives at (14) (15) Here, the integrations are carried out over the cross sections of the rings in the --plane (perpendicular to the azimuthal unit vector ), , and
where , and , denote the potential and current density on the input and output cross sections of the th ring, respectively (Fig. 4) . Note that and are constant on , but depend on the ring index .
C. Solution of the Integral Equations
For each harmonic mode , (14) Multiplication of both sides of (14) and (15) 
where and denotes the surface of the th rectangular segment on the cross section of the th ring (Fig. 5) .
In the Appendix, we show that each element of the matrices and can then be calculated by performing a single integration in the spectral domain. 
D. Admittance Matrix of the System of Rings
In order to calculate the admittance matrix of the concentric-ring system, one has to find the relationship between the ring potentials and the ring currents 
designate the total current at the input, respectively, and output of the th ring. (The minus sign has been included according to the conventional definition of port currents in network theory.) From (24) and (25), one can determine the Fourier coefficients and in terms of and . After substituting the solution obtained (not shown here) in the Fourier series (13d) and (23b), evaluating and in the limits and , and applying several matrix manipulations, we arrive at the admittance matrix as follows:
where and . Note that the summation in (28b) only involves nonnegative 's. This is because, as mentioned previously, and which, in turn, implies that and . Equations (28a)-(28d) together with the definitions (26a) and (26b) express the admittance matrix of the concentric-ring system in terms of the matrix elements of the Green's functions and . It is important to note that and have, in fact, been computed from the vector-potential Green's function and the scalar potential Green's function , respectively. It is, therefore, natural to link and to the inductance, respectively, capacitance matrix of the system in the th mode by introducing the decompositions (29) in which , , , and are real frequency-dependent matrices (see Fig. 6 ). Here, can be interpreted as the inductance matrix of mutually coupled inductors. Similarly, represents mutually coupled capacitors. The matrix takes account of the dc loss in the conductor, as well as additional RF loss due to nonuniform distribution of current density on the cross section of the windings (skin effect, current crowding). However, it also includes losses due to substrate eddy currents induced by the RF magnetic field. The matrix , on the other hand, contains substrate RF losses caused by the flow of substrate currents induced by the potential difference between different points on the conductor and between the conductor and reference ground. The latter has implicitly been defined as a point at the infinity, where the Green's functions vanish.
In practice, only a small number of modes (small 's) will suffice to provide an adequate solution of the problem. Higher modes (larger 's) become important at very high frequencies where the effective wavelength becomes smaller than the length of rings. The number of modes included in the calculation depends on the required accuracy and should be determined from numerical experimentation.
E. Retrieving the Admittance Matrix of the Inductor
After the admittance matrix of the concentric-ring system is computed, the rings can be connected in series to obtain the 
TABLE I LAYER PARAMETERS FOR MEDIUM-RESISTIVITY (MR)
AND LOW-RESISTIVITY (LR) Si SUBSTRATES 2 2 admittance matrix of the spiral inductor. In practical applications, however, an underpass is used to connect the inner terminal of the coil to other devices. It is not possible to directly include the underpass in the concentric-ring model due to the 
III. EXPERIMENTAL RESULTS
We have fabricated various spiral inductors on medium-resistivity (5 cm) and low-resistivity (0.01 cm) Si substrates. Each substrate consists of a 525-m-thick Si layer, insulated by a 4-m-thick layer of SiO . The spiral coils were built by using the top metal layer (1-and 4-m-thick aluminum on 5-and 0.01-cm substrates, respectively). The underpass contact was built by using an additional 0.6-m-thick metal layer, spaced 0.8 m below the top metal layer.
The -parameter measurements were performed using an HP8510B/8514A network analyzer in combination with a Cascade Microtech Summit 9000 probe station with 200-m-pitch signal-ground probes. The calculated -parameters, after deembedding the measurement pads, are then used to calculate the inductance and quality factor of each coil in the configuration where port 2 (connected to the inner terminal) is grounded as follows: 2 (30) Table I lists the substrate parameters used in the simulations. The simulations were performed retaining the harmonic mode only since numerical experimentation revealed negligible improvement upon inclusion of higher modes. In order to take account of the nonuniform distribution of current and charge density, the cross section of each winding was divided into a number of rectangular segments (see Section II-C and the Appendix). The simulations were carried out on an HP Unix workstation. For a four-turn inductor, the computation time for each frequency point was less than 0.22 s at five segments/winding and less than 1.5 s at 25 segments/winding. The results shown below were obtained using 25 segments/winding.
Figs. 8 and 9 show the measured and simulated and for three different inductors (A,B, and C), on the mediumand low-resistivity substrates. The geometrical parameters of the three coils, as well as their measured and simulated inductance at maximum quality factor , maximum quality factor , and self-resonance frequency are listed in Table II . The discrepancy between the measured and simulated inductance curves for coils B and C in Fig. 8 can be attributed to the underestimation of their by the model on the 5-cm substrate (Table II) . However, one should note that the actual resistivity of the Si substrate may have differed from 2 Unlike classical microwave substrates, Si technology does not allow the use of a through-wafer vias providing access to a backside metal layer (RF ground). In the experiments discussed here, large rectangular patches (800 m 2 300 m) distanced 300 m away from the edge of the coils and built in the first metal layer were used as a ground pad for the probes. The large area of each patch provides a low-impedance path through the conductive substrate to the metallic chuck on which the wafers are placed during the measurement. The chuck replaces the backside metal as the RF ground. the nominal value used (5 cm). In conventional processes variations up to 5% are normal on different wafers or different locations on the same wafer. Besides affecting , this would shift , in particular, on medium-resistivity substrates [24] . Nevertheless, the overall agreement between simulated and experimental 's and 's on both substrates is good, bearing in mind that no fitting parameters were used.
A common shortcoming of many commercial, 2-D and two-and-one-half-dimensional (2.5-D) EM solvers is their inability to handle the finite thickness of the conductors: the metal layers are assumed to be infinitely thin, while the nonuniform current distribution in the vertical direction is accounted for by using an effective complex frequency-dependent sheet resistivity. The concentric-ring model, however, is not restricted to this planar approximation. In order to test the accuracy of the model in handling thick conductors, we built additional spiral inductors on the 5-cm substrate with the thickness of the top metal layer ranging from 2 to 4 m. The quality factor of the 2-nH inductor built using a 1-, 2-, and 4-m-thick layer is shown in Fig. 10 . Again, a good match is found between the simulated and measured data, although the model predicts a slightly higher at frequencies above 6 GHz as the metal thickness is increased.
IV. CONCLUSIONS
We have presented a semianalytical model for circular spiral inductors on layered substrates. The model employs the concen- Although the expressions for the spectral-domain Green's functions in stratified media can be found in various papers, we present them below for the sake of completeness. We restrict ourselves to the typical configuration of Fig. 11 where and are both located above the substrate. (Although relevant, the more general, but complicated case where and lie in arbitrary substrate layers will not be discussed here.) The functions and are then given by (32a) where is the number of substrate layers (the infinite layer beneath the substrate is denoted by ), and , , and are the dielectric constant, permeability, and conductivity of each layer, respectively (Fig. 11) . The layer thicknesses are denoted by . From (11), (12c), (12d), (31a), (31b), and Neumann's addition theorem for Bessel functions [25] (34) with , it follows that (35a)
The matrices and are evaluated by substituting the above relationship into (20b) and (20c) and carrying out the integrations using the basis functions (21) . Due to the exponential dependence of the spectral-domain Greens functions on and , the integrations over those variables can be performed analytically, whereas those involving are calculated by means of the relationships (36) where and are Sturve functions. As a result, computation of each matrix element only requires the evaluation of a single integral over the variable .
